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Lemma 2.1. Let wy,wo,... be the sequence of vectors produced by Wo [ow - the - \mﬁ de

FTL. Then, for all u € S we have
— Argmin
T W m S M Ac,\ ) < V
Regrety(u) = MQLE_ — fi(u)) < M f(wi) — fe(wis1)). W [

L=

Proof. Subtracting ), fi(w;) from both sides of the inequality and
rearranging, the desired inequality can be rewritten as

T T
Y filwis) €Y fi(u
i=1 t=1

We prove this inequality by induction. The base case of T' =1 follows
directly from the definition of w; ;. Assume the inequality holds for
T — 1, then for all u € S we have

ﬂ
Mub e MMMU \so},\irl T\C\:r \fizh*m\

Adding fr(ws.q) to both sides we get
If f; is L-Lipschitz with respect to a norm ||-| then

T 2
Y fi(werr) < fr(wrgs) + Y fi(u). fe(we) = fe(wert) < Lwe — Wi .
= &1 Therefore, we need to ensure that ||w; — wys1|| is small.
The above holds for all u and in particular for u = wy_ ;. Thus,

Mb Wit AML__.,. Wri1) :man u),

where the last equation follows from the definition of wy_ ;. This con-
cludes our inductive argument. O



Example 2.2 (Failure of FTL). Let S=|[-1.1] C R and consider
the sequence of linear functions such that f;(w) = 2w where

05 ift=1
if t 1s even
— ift>1 A tisodd
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Then, the predictions of FTL will be to set wy = 1 for f odd and wy = —1
for t even. The cumulative loss of the FTL algorithm will therefore be T
while the cumulative loss of the fixed solution u =0 € S is 0. Thus, the
regret of FTL is T !
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Lemma 2.3. Let wi,wa,... be the sequence of vectors produced by
FoReL. Then, for all u € § we have

3 iy

> (filwe) — fi(w)) < R(u) — R(w1) + Y _(fe(we) = fe(Wein)).

t=1 t=1

Proof. Observe that running FoReL on fy,..., fr 1s equivalent to run-
ning FTL on fo, fi,.... fr where fo = R. Using Lemma 2.1 we obtain

T

T
Y (f(we) = fo(w) <D (fe(we) — f(weir)).
t=0

t=0

Rearranging the above and using fy = R we conclude our proof. |
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lemma shows that if the regularization function R(w) is strongly convex 4 m_,; ensyres 2 Tabil, J\
with respect to the same norm, then w; will be close to w;y.

Lemma 2.10. Let : S — R be a o-strongly-convex function over S
with respect to a norm ||-|. Let wq,wa,... be the predictions of the
FoReL algorithm. Then, for all ¢, if f; is L;-Lipschitz with respect
to ||+ then

hm
fe(we) = fe(we1) < Le|[we = Wi || < ﬂﬂ

Proof. For all t let Fi(w)= MUMM filw) + R(w) and note that the
FoReL rule is w; = argmin g Ft(w). Note also that F; is o-strongly-
convex since the addition of a convex function to a strongly convex
function keeps the strong convexity property. Therefore, Lemma 2.8

implies that:

g 2
mﬂﬂ.ﬁﬂ.w+: 2 pﬁ.;ﬁqﬂv T m__ﬁ:. N 5__.?_-:_ = Lemma 2.8. Let S be a nonempty convex set. Let f: S —+ K be a

g-strongly-convex function over S with respect to a norm ||-|. Let w =
argmingcg f(v). Then, for allue S

f) = f(w) = Zfu — w2

Proof. To give intuition, assume first that f is differentiable and w is
in the interior of S. Then, V f(w) = 0 and therefore, by the definition
of strong convexity we have

2

Vues, f(u) - f(w) 2 (VI(w).u—w)+ Zllu—w|*=ZJu-wl



Repeating the same argument for Fyyq and its minimizer w;y; we get
- ag 9
t+1(We) > Fop1(wier) + rmr__iu — Wy ||*

Summing the above two inequalities and rearranging we obtain

allwe — Wes[? < fe(we) — fi(Wesr). (2.7)

Next, using the Lipschitzness of f; we get that

Je(we) — fr(wit1) < Li||we — wipa .

Combining with Equation (2.7) and rearranging we get that |[w; —
wii1|| € L/o and together with the above we conclude our proof. O

Combining the above Lemma with Lemma 2.3 we obtain

Theorem 2.11. Let fi..... fr be a sequence of convex functions such
that f; is L;-Lipschitz with respect to some norm ||-||. Let L be such
that %Muwn  L# < L?. Assume that FoReL is run on the sequence with
a regularization function which is o-strongly-convex with respect to the
same norm. Then, for all u € S,

Regretr(u) < R(u) — Eﬂm?v +TL%s.
vE




Corollary 2.12. Let fi,....fr be a sequence of convex functions
such that f; is L;-Lipschitz with “|lo. Let L be such that
+MM,| L? < L% Assume ::; E“_wwr E run on the sequence with the
regularization function R(w) = 3. Then, for all u

]

9
Regret(u) < 2 __=__m + T L".

In particular, if U = {u:

2 < B} and n= Twﬁ then

Regret(U) < BLV?2T.

Corollary 2.14. Let fi,....fr be a sequence of convex functions
such that f, is L,-Lipschitz with respect to |-||;. Let L be such that
LS L? < L% Assume that m.ommr is run on the sequence with
the regularization function R(w) = __. ;wli]log(wli]) and with the set
S={w:|w|i=BAw>0}CcR HEF

B log(d)
—y

Regret(S) < + nBTI?.

In particular, setting n = MHWW vields

Regret,(S) < BL\/2log(d)T.
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Consider an algorithm that enjoys a regret bound of the form a/T,
but its parameters require the knowledge of T'. The doubling trick,
described below, enables us to convert such an algorithm into an algo-
rithm that does not need to know the time horizon. The idea is to divide
the time into periods of increasing size and run the original algorithm
on each period.

The Doubling Trick

input: algorithin A whose parameters depend on the time horizon
form=0,1,2,...
run A on the 2™ rounds ¢t = 2™, ..., 2m+ _ ]

The regret of A on each period of 2™ rounds is at most a\/2™.
Therefore, the total regret is at most

Nogy ()] Moga (T)]
S avFoa S (A
m=1 m=1

1 _ alesa(MN+
1-—-+2

= o

< ——avl.

That is, we obtain that the regret is worse by a constant multiplicative
factor.



